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From superhard to hard: a review of transition 
metal dioxides TiO2, ZrO2, and HfO2 hardness 
The high-pressure, high-temperature behavior of transition metal 
dioxides TiO2, ZrO2, and HfO2 has been reviewed. In particular, early predictions and 
measurements that suggested superhard behavior for the transition metal dioxides have 
been considered. In subsequent studies, it has been concluded that superhardness is not 
intrinsic in the transition metal dioxides at ambient conditions or to phases produced at 
high-pressure and/or high-temperature conditions. 
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INTRODUCTION 
The high-pressure and/or high-temperature behavior of TiO2, ZrO2 
and HfO2 transition metal dioxides (TMDs) has attracted great interest over the 
past two decades because of their novel applications [1–49]. Their technological 
applications include the use in photocatalysis [50, 51], ceramics [52, 53], electronic 
storage media, and hydrogen storage applications [50, 54–57]. Therefore, because 
of their vast applications, there have been many studies investigating the 
mechanical [3, 4, 12, 40, 44, 49, 58, 59], optical [50, 60], and dielectric [50, 61] 
properties as well as their phase diagrams [1–39, 41–44, 46, 47]. In this review, we 
focus on the mechanical properties of the TMD phases formed at high-pressure and 
high-temperature conditions (see Fig. 1, Tables 1–3). In particular, we investigate 
the candidacy of these oxides as superhard materials based on relevant high-
pressure studies.  
For much of the last two decades, the highest-pressure phases of these dioxides 
were considered to be good candidates for superhard materials [10, 11, 14, 16, 17, 
21, 25, 29, 31, 32, 62, 63]. That conclusion was largely formed in part by the 
assumption that the bulk modulus is a good indicator for the hardness. On the other 
hand, the shear modulus has been found to be a better estimator for the hardness 
[58, 64–66]. While these correlations have been evaluated for many compounds, 
the conclusion motivated researchers to test it for the TMDs [3, 4, 12, 40] (see 
lower). Although the hardness–shear modulus correlation was first concluded in 
1998 [64], several studies since then [10, 11, 14, 16, 17, 21, 25, 29, 31, 32, 62, 63] 
assumed that the TMDs can possess superhard characteristics due to large bulk 
modulus values. However, more recent studies [3, 4, 12, 40] have brought doubt to 
this assumption and together with a few hardness measurements [67] and 
theoretical predictions [3, 4, 12, 40] conclude that these dioxides do not qualify as 
superhard.  
This review is an effort to answer the question: Are there phases of TiO2, ZrO2 
and HfO2 that are superhard? To answer this question, we will introduce and 
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describe some aspects related to this topic. We will discuss the high-p, T synthesis 
route of superhard materials and discuss, in detail, early determinations on 
hardness of these dioxides, as well as recent conclusions. We will also investigate 
proxies for hardness with a comparison of the shear and bulk moduli and their 
correlation to the hardness of materials. 
 
 
Phase: Anatase (AN) 
Crystal structure: Tetragonal 
Space group: I41/amd 
Coordination number: 6  
Observed in TiO2 
 
Phase: Rutile (RT) 
Crystal structure: Tetragonal
Space group: P42/mnm 
Coordination number: 6  
Observed in TiO2 
 
Phase: Columbite (CB) 
Crystal structure:  
Orthorhombic 
Space group: Pbcn 
Coordination number: 6 
Observed in TiO2 
 
Phase: Baddelyite (MI) 
Crystal structure: Mono-
clinic 
Space group: P21/c 
Coordination number: 7 
Observed in TiO2, ZrO2,  
and HfO2 
 
Phase: Orthorhombic I (OI) 
Crystal structure: Ortho-
rhombic 
Space group: Pbca 
Coordination number: 7 
Observed in TiO2, ZrO2,  
and HfO2 
 
Phase: Orthorhombic II 
(OII) 
Crystal structure: Ortho-
rhombic 
Space group: Pnma 
Coordination number: 9 
Observed in TiO2, ZrO2,  
and HfO2 
Fig. 1. Crystal structures and summary of the structural properties of observed phases of TMDs 
TiO2, ZrO2, and HfO2. The larger spheres represent the transition metal Ti, Zr, or Hf cation,
while the smaller spheres represent O. 
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Table 1. Summary of the experimental equations of state of observed 
phases in TMDs TiO2, ZrO2, and HfO2. 1σ uncertainties are given  
in parentheses. For values not available, NA is recorded 
TiO2 ZrO2 HfO2 
Phase 
V0, Å3 
K0, 
GPa 
K0′ Ref. V0, Å3
K0, 
GPa
K0′ Ref. V0, Å3
K0, 
GPa
K0′ Ref. 
AN 34.08 
(0.01) 
179 
(2) 
4.5 
(0.1) 
[7] – – – – – – – – 
BR 32.26 
(0.01) 
255 
(10) 
4 (fixed) [26] – – – – – – – – 
RT 31.20 
(0.01) 
31.25 
(0.06) 
31.20 
(0.01) 
235 
(10) 
230 
(20) 
216 
(2) 
4 (fixed) 
6.6 
(0.7) 
7 
(fixed) 
[2] 
 
[15] 
 
[95] 
– – – – – – – – 
CB 30.53 
(0.09) 
30.59 
(0.08) 
253 
(12) 
258 
(8) 
4 (fixed) 
 
4.1 
 (0.3) 
[2] 
 
[7] 
– – – – – – – – 
MI 28.06 
(0.16) 
28.06 
(0.16) 
28.06 
(0.05) 
27.62 
(0.01) 
28.83 
(0.07) 
298 
(21) 
290 
(10) 
304 
(6) 
303 
(5) 
175 
(5) 
4 (fixed) 
 
4 (fixed) 
 
3.9 
(0.2) 
3.9 
(0.2) 
4 (fixed) 
[2] 
 
[7] 
 
[14] 
 
[37] 
 
[28] 
35.15 
(0.03) 
35.16 
 
35.16 
 
35.19 
 
35.06 
35.06 
210 
(28) 
212 
(24) 
228 
(10) 
95 
(8) 
187 
189 
4 (fixed)
 
8  
(4) 
4 (fixed)
 
4-5 
 
NA 
NA 
[3] 
 
[10] 
 
[10]* 
 
[23] 
 
[70] 
[71] 
34.50 
(0.04) 
30.30 
 
30.30 
 
34.67 
 
34.67 
185 
 (23) 
284 
 (30) 
325 
 (59) 
145 
 (22) 
138 
 (52)
4 (fixed) 
 
5  
(2) 
4 (fixed) 
 
5 (fixed) 
 
4 (fixed) 
[4] 
 
[10] 
 
[10]* 
 
[24] 
 
[24]* 
OI 27.54 
(0.13) 
27.27 
(0.02) 
27.95 
(0.17) 
314 
(16) 
318 
(3) 
222 
(14) 
 
4 (fixed) 
 
4 (fixed) 
 
4 (fixed) 
[2]  
 
[13] 
 
[28] 
33.65 
(0.07) 
33.49 
 
33.49 
 
33.50 
290 
(11) 
243 
(10) 
380 
(45) 
220 
4 (fixed)
 
7 
 (2) 
4 (fixed)
 
5 (fixed)
[3] 
 
[10] 
 
[10]* 
 
[23] 
33.12 
(0.13) 
28.93 
 
28.93 
 
33.11 
 
33.11 
 
33.17 
266 
(28) 
281 
(10) 
283 
(11) 
210 
(32) 
234 
(37) 
220 
(10) 
4 (fixed) 
 
4.2  
(0.9) 
4 (fixed) 
 
5 (fixed) 
 
4 (fixed) 
 
4 (fixed) 
[4] 
 
[10] 
 
[10]* 
 
[24] 
 
[24]* 
 
[32] 
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Table 1. (Contd.) 
OII 25.28 
(0.35) 
26.27 
(0.05) 
25.09 
(0.08) 
 
312 
(34) 
431 
(10) 
306 
(9) 
4 
(fixed) 
1.35 
(0.1) 
4 
(fixed) 
[2] 
 
[14] 
 
[28] 
30.02 
(0.11) 
30.81 
 
30.59 
 
30.22 
(0.02) 
30.03 
(0.08) 
30 
316 
(27) 
444 
(15) 
387 
(53) 
332 
(8) 
278 
(11) 
265 
(10) 
4 
(fixed) 
1 
(fixed) 
4 
(fixed) 
2.30 
(0.40) 
3.70 
 (0.22) 
4 
(fixed) 
[3] 
 
[10] 
 
[10]* 
 
[16] 
 
[29] 
 
[31] 
29.74 
(0.11) 
26.54 
 
26.54 
 
29.65 
331 
(17) 
340 
(10) 
304 
(44) 
312 
(10) 
4 (fixed) 
 
2.6  
(0.3) 
4 (fixed) 
 
4 (fixed) 
[4] 
 
[10] 
 
[10]* 
 
[32] 
 
* Revised values to better compare results across studies; see [3, 4] for details. 
 
Table 2. Summary of the theoretical equations of state of observed 
phases in TMDs TiO2, ZrO2, and HfO2. 1σ uncertainties are given  
in parentheses. For values not available, NA is recorded 
TiO2 ZrO2 HfO2 Phas
e V0, Å3 
K0, 
GPa 
K0′ Ref. V0, Å3
K0, 
GPa 
K0′ Ref. V0, Å3
K0, 
GPa 
K0′ Ref. 
AN 35.65 
(0.09) 
33.64 
(0.08) 
36.20 
 
33.70 
131 
(3) 
146 
(3) 
194 
 
195 
(10) 
4 (fixed) 
 
4 (fixed) 
 
NA 
 
NA 
GGA 
[2] 
LDA 
[2] 
LCAO 
[42] 
LCAO-
LDA [46]
– – – – – – – – 
RT 32.18 
(0.02) 
31.89 
(0.01) 
30.47 
(0.01) 
33.10 
 
30.45 
216 
(2) 
215 
(1) 
250 
(2) 
243 
 
241 
(10) 
4 (fixed) 
 
5.35 
(0.16) 
4 (fixed) 
 
NA 
 
NA 
 
GGA 
[2] 
GGA 
[47] 
LDA 
[2] 
LCAO 
[42] 
LCAO-
LDA [46]
– – – – – – – – 
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Table 2. (Contd.) 
CB 31.75 
(0.05) 
31.30 
(0.15) 
29.97 
(0.07) 
30.96 
 
30.70 
 
188 
(4) 
250 
(23) 
212 
(9) 
247 
 
264 
(10) 
4 (fixed) 
 
2.64 
(0.70) 
4 (fixed) 
 
NA 
 
NA 
 
GGA 
[2] 
GGA 
[47] 
LDA 
[2] 
LCAO 
[42] 
LCAO-HF 
[46] 
– – – – – – – – 
MI 29.96 
(0.04) 
28.01 
(0.01) 
29.33 
 
NA 
157 
(1) 
190 
(2) 
249 
 
300 
(10) 
4 (fixed) 
 
4 (fixed) 
 
NA 
 
NA 
GGA 
[2] 
LDA 
[2] 
LCAO 
[42] 
LCAO- 
HF [46] 
36.64 
(0.04) 
35.62 
 
36.19 
 
36.00 
 
36.07 
 
34.55 
 (0.04)
34.17 
 
35.63 
143 
(5) 
138 
 
137 
 
218 
 
193 
 
154 
(8) 
184 
 
157 
4 (fixed)
 
NA 
 
4 (fixed)
4.12 
 
NA 
 
 
4 (fixed)
 
4 (fixed)
 
2.38 
GGA
[3] 
GGA
 [63] 
GGA
 [19] 
GGA
 [39] 
GGA
 [44] 
LDA
[3] 
LDA
 [19] 
LDA 
[43] 
35.04 
(0.04)
34.81 
 
36.39 
168 
(7) 
152 
 
192 
4 (fixed) 
 
4 (fixed) 
 
4 (fixed) 
GGA 
[4] 
GGA 
[19] 
GGA 
[21] 
OI 28.71 
(0.04) 
27.02 
(0.04) 
28.31 
(0.06) 
209 
(2) 
236 
(3) 
272 
(9) 
4 (fixed) 
 
4 (fixed) 
 
3.38 
(0.19) 
GGA 
[2] 
LDA 
[2] 
B3LYP 
[47] 
35.14 
(0.01) 
34.13 
 
34.69 
 
34.40 
 
34.50 
 
33.33 
(0.02) 
32.97 
 
31.73 
195 
(2) 
227 
 
204 
 
230 
 
210 
 
214 
(4) 
236 
 
272 
4 (fixed)
NA 
 
 
4 (fixed)
4.23 
 
NA 
 
 
4 (fixed)
 
4 (fixed)
 
4.63 
GGA
[3] 
GGA
 [63] 
GGA
 [19] 
GGA 
[39] 
GGA
 [44] 
LDA
[3] 
LDA
 [19] 
LDA 
[43] 
33.58 
(0.01)
33.53 
 
35.04 
218 
(2) 
197 
 
221 
4 (fixed) 
 
4 (fixed) 
 
4 (fixed) 
GGA 
[4] 
GGA 
[19] 
GGA 
[21] 
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Table 2. (Contd.) 
OII 25.97 
(0.10) 
25.38 
 
24.44 
(0.04) 
26.14 
 
23.81 
 
NA 
261 
(7) 
281 
 
300 
(6) 
306 
 
341 
 
380 
(10) 
4 (fixed) 
 
4.8 
 
4 (fixed) 
4.57 
3.85 
 
NA 
GGA 
[2] 
GGA 
[49] 
LDA [2]
 
LDA [11]
 
LDA [49]
 
LCAO-HF 
[46] 
31.35 
(0.04) 
30.46 
 
30.86 
 
30.80 
 
30.94 
 
29.70 
(0.02) 
29.24 
 
29.41 
251 
(3) 
234 
 
251 
 
254 
 
213 
 
289 
(3) 
298 
 
305 
4 (fixed)
 
NA 
 
4 (fixed)
 
4.11 
 
NA 
 
4 (fixed)
 
4 (fixed)
 
4.68 
GGA
[3] 
GGA
 [63] 
GGA
 [19] 
GGA
 [39] 
GGA
 [44] 
LDA
[3] 
LDA
 [19] 
LDA
 [43] 
30.12 
(0.05)
31.86 
 
29.75 
260 
(4) 
251 
 
259 
4 (fixed) 
 
4 (fixed) 
 
4 (fixed) 
GGA 
[4] 
GGA 
 [19] 
GGA 
 [21] 
Table 3. Summary of the volume change across OI → OII phase transition 
in TMDs TiO2, ZrO2, and HfO2 
Volume change across OI → OII phase transition, % Dioxide 
Experiment Ref. Theory Ref. 
TiO2 8.3 
2.6 
7.4 
[2] 
[13, 14] 
[28] 
7.6 (GGA) 
8.2 (LDA) 
 
[2] 
[2] 
 
ZrO2 10 
5.8 
9 
[3] 
[10] 
[31] 
9.9 (GGA) 
10.5 (GGA) 
10.6 (LDA) 
[3] 
[19] 
[3] 
HfO2 8.6 
7.4 
8 
[4] 
[10] 
[32] 
9.5 (GGA) 
9.9 (GGA) 
10.4 (LDA) 
[4] 
[19] 
[19] 
Superhard versus hard materials 
A material is defined as superhard if its hardness exceeds 40 GPa using a 
Vickers hardness test (e.g., [68]) which, like all hardness tests, observes a 
material's ability to resist plastic deformation from a standard indenter. However, 
depending on chemical bonding (i.e., metallic, covalent, and ionic, respectively), 
the materials can be classified into three types according to their hardness [69]: (1) 
borides, carbides, and nitrides formed with transition metals, such as TiN, WC and 
TiB2; (2) borides, carbides, and nitrides of Al, Si, and B, as well as diamond; and 
(3) oxides of Al, Zr, Ti, and Be. Materials that consist of elements from the B–C–N 
triangle are among the hardest materials [68]; examples include diamond, cubic 
boron nitride (cBN), C3N4, BC2N, and B4C. It is important to note that although 
materials of hardness lower than 40 GPa are not superhard, they can still be called 
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hard materials, and are still of industrial importance and interest, if they show a 
hardness value > ~ 15 GPa (e.g., [68]).  
Elasticity  
The stresses and strains inside a continuous elastic material can be described by 
a linear relationship mathematically similar to Hooke’s Law (i.e., F = –kx). 
However, the strain state in a solid medium around a point cannot be described by 
a single vector due to the added complexity of being able to be compressed, 
stretched, and sheared at the same time, along different directions. To do so, the 
stresses at that point can be at once pushing, pulling, and shearing. To capture this 
complexity, the relevant state of the medium around a point is represented by two 
second-order tensors, the strain tensor ε (in place of the displacement x) and the 
stress tensor σ (replacing the restoring force F). Thus, the Hooke’s spring law for 
continuous media is then: 
∑ ε=σ
kl
klijklij c ,    (1) 
where cijkl is the fourth-order elasticity tensor (replacing the spring constant k), 
represented by 81 (i.e., 34) cijkl values.  
Due to symmetry and for simplicity, Voigt notation is used and is represented 
by reducing its order: xx, yy, zz, yz, xz, xy components are replaced by 1, 2, 3, 4, 5, 
6, respectively, and then Equation (1) is reduced to [49]:  
jiji c ε=σ ,     (2) 
where cij is the elastic constants matrix, which is also symmetric, and the latter 
equation can be rewritten as: 
⎥⎥
⎥⎥
⎥⎥
⎥⎥
⎦
⎤
⎢⎢
⎢⎢
⎢⎢
⎢⎢
⎣
⎡
ε
ε
ε
ε
ε
ε
⋅
⎥⎥
⎥⎥
⎥⎥
⎥⎥
⎦
⎤
⎢⎢
⎢⎢
⎢⎢
⎢⎢
⎣
⎡
=
⎥⎥
⎥⎥
⎥⎥
⎥⎥
⎦
⎤
⎢⎢
⎢⎢
⎢⎢
⎢⎢
⎣
⎡
σ
σ
σ
σ
σ
σ
6
5
4
3
2
1
66
5655
464544
36353433
2625242322
161514131211
6
5
4
3
2
1
c
cc
ccc
cccc
ccccc
cccccc
.  (3) 
Due to the inherent symmetries of ε, σ, and c, only 21 elastic coefficients of the 
latter are independent. For isotropic media, c can be reduced to only two 
independent numbers, the bulk modulus K and the shear modulus µ, that quantify 
the material’s resistance to changes in volume and to shearing deformations, 
respectively (see below).  
Compressibility and equation of state 
The compressibility, β, of a solid is simply the relative change of the volume, V, 
of a material due to an applied pressure, p. The bulk modulus, K, or the inverse of 
compressibility, is often used in the literature and at isothermal conditions; the 
isothermal bulk modulus (KT) is defined as at constant temperature T: 
T
T V
pVK ⎟⎠
⎞⎜⎝
⎛
∂
∂
−= .    (4) 
ISSN 0203-3119. Сверхтвердые материалы, 2014, № 4 29
More compressible materials have smaller bulk moduli, whereas less 
compressible materials have high bulk moduli.  
The bulk modulus is one of the most important parameters of the equation of 
state as it is a measure of how much a material compresses under stress. The bulk 
modulus can be measured in a variety of ways, including through ultrasonic and 
Brillouin scattering measurements (e.g., [70–72]) as well as by using powder X-ray 
diffraction (e.g., [2–4, 29, 41]), such that using these data one can easily measure 
the volume at various pressures and thus construct the pressure–volume curve 
needed to obtain the bulk modulus.  
In general, the equation of state (EOS) is defined as a relationship between 
thermodynamic parameters such as pressure, temperature, volume, and internal 
energy of the material. There are many EOSs, however, for most solid materials, 
the Birch-Murnaghan [73] EOS is among the most widely used for pressures up to 
a few 100 GPa [74]. The Birch-Murnaghan EOS is given as 
...)1()21(3)( 22
5
0 ++++= bfafffKVp ,  (5) 
where 
⎥⎥
⎥
⎦
⎤
⎢⎢
⎢
⎣
⎡
−⎟⎟⎠
⎞
⎜⎜⎝
⎛
=
−
1
2
1 3
2
0V
Vf , )4(
2
3
0 −′= Ka , and 6
143)7(
2
3
2
3
0000 +−′′+′′= KKKKb .   (6) 
Equation (5) can be truncated for the terms f2 and above yielding the 3rd-order 
Birch-Murnaghan EOS, which can be rewritten such that there are only three 
parameters to describe the EOS: the zero-pressure volume (V0), the bulk modulus 
at zero pressure (K0), and the first pressure derivative of the bulk modulus at zero 
pressure (K0′): 
⎪⎭
⎪⎬
⎫
⎪⎩
⎪⎨
⎧
⎥⎥
⎥
⎦
⎤
⎢⎢
⎢
⎣
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⎞
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⎛
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⎛
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⎞
⎜⎜⎝
⎛
=
−−−
1)4(
4
31
2
3
)(
3
2
0
0
3
5
0
3
7
0
0
V
VK
V
V
V
VKVp .        (7) 
In fact, it is important here to emphasize the sensitivity of the bulk modulus to 
the other parameters, V0 and K0′. For example, a small change in V0 can result in a 
large change in K0 [41]. However, V0 is generally known for a material (if it is 
stable and/or quenchable at zero-pressure it can be measured), although there are 
many materials/phases that are not quenchable to zero pressure, and thus is 
estimated or is fit as a free parameter in the EOS using the G vs. g formalism [75]. 
This is of particular importance in the case of TiO2, where the high-pressure phase 
OII is not stable at ambient conditions and thus its V0 can not be measured, and its 
V0 has been extrapolated or fit [2], although an earlier work claimed quenching that 
phase to zero pressure at cryogenic temperatures [14]. On the other hand, unlike V0 
(usually a measured value), K0′ is a parameter determined from the EOS fit. For a 
given set of data, values of K0′ < 4 (> 4), a higher (lower) K0 value is obtained; 
however, since most materials have 3 ≤ K0′ ≤ 6 [74, 76], it is commonplace to fix 
K0′ to 4 [2–4, 41] and thus use a truncated 2nd-order-Birch-Murnaghan EOS, 
where the higher-order terms are ignored from Equation (5) such that Equation (7) 
becomes 
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⎥⎥
⎥
⎦
⎤
⎢⎢
⎢
⎣
⎡
⎟⎟⎠
⎞
⎜⎜⎝
⎛
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⎞
⎜⎜⎝
⎛
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−−
3
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0
3
7
0
0
2
3)(
V
V
V
VKVp .   (8) 
For example in the case of OII-TiO2 phase, an earlier study [14] found K0 = 
431 GPa at K0′ = 1.35; however, a later study [2] found that this value is noticeably 
reduced to 358 GPa when K0′ is fixed to a value of 4 (see Table 1). Thus for a more 
reliable comparison of properties between materials, it is necessary to compare the 
bulk moduli of the same material/phase at the same K0′ and V0 values. 
In any event, the implicit assumption that the bulk modulus is a suitable proxy 
for the mechanical strength of a material has been examined [58, 64–66]. This 
assumption has been evaluated by others and applied for different materials 
including TMD and will be discussed further [3, 4, 58].  
Shear modulus 
The shear modulus (μ) of a material can be defined as the ratio of its shear 
stress to the shear strain. The individual elastic constants (cij’s) are often used to 
obtain the shear modulus of the material. For example, for an orthorhombic 
material, the Voigt shear modulus is defined as [49]: 
)(3)()(15 665544231312332211 cccccccccV +++++−++=μ . (9) 
The main method of measuring μ is by acoustical methods, namely ultrasonic or 
Brillouin scattering. With these methods, the acoustic velocities are measured. 
Using the known density of the material and its geometry, it is trivial to compute 
both the bulk and shear moduli as they are related to the bulk sound, 
compressional, and shear velocities, vB, vp and vs: 
.
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4
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ρ
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s
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B
K
K
    (10) 
These measurements can additionally be conducted at high pressures in order to 
measure the pressure derivatives of both K and μ. These methods are not used as 
widely as X-ray diffraction, in which the shear modulus cannot be measured or 
inferred, and as such there are fewer measurements of shear moduli as compared to 
bulk moduli. 
Similar to assumptions regarding the bulk modulus and hardness correlations, 
the shear modulus has been assumed as a suitable proxy for the strength of 
materials [58, 64–66] and, thus, has been often used as an indicator for their 
hardness. This assumption has also been evaluated for TMDs [3, 4].  
Hardness versus bulk modulus and shear modulus 
It is important to mention that both bulk and shear moduli are elastic quantities, 
whereas the hardness is a plastic quantity and, thus, there is no direct relationship 
that relates shear and bulk moduli to hardness. However, indenting a material (e.g., 
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to measure its hardness), is likely a subject to more shearing effort than 
compressing. Despite the lack of a direct relationship between elastic moduli and 
hardness, several studies have tried to use the moduli as hardness proxies. In Fig. 2, 
we show a compilation of hardness values versus bulk and shear moduli. In this 
compilation, we find a strong positive correlation between hardness and shear 
modulus, whereas the hardness relationship with bulk modulus is tenuous. We note 
that pure metals do not necessarily follow these trends; for instance, rhenium and 
tungsten do not follow the hardness–shear modulus correlation (see Fig. 2). 
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Fig. 2. Hardness versus bulk (a) or shear (b) moduli for a variety of materials. Figure adopted 
from Teter [64] where experimental moduli and hardness values are depicted. Solid symbols are 
shown for ionic and covalent compounds (vertical bowties), and pure metals (diamonds). Open 
symbols are shown for the OII phase of TiO2 (circles), ZrO2 (triangles) and HfO2 (squares). The 
computed hardness values are given for ZrO2 [3] and HfO2 [4]. The solid line is a best fit to 
existing data. The calculated hardness of TiO2 [40] is plotted against the calculated bulk [2] and 
shear moduli [49]. Error bars and some of the compound names were left out for clarity. 
 
HIGH-p, T SYNTHESIS ROUTE OF SUPERHARD MATERIALS 
Superhard materials have been synthesized in many ways including: chemical 
reaction (e.g., ReB2 [77]), high temperatures (e.g., CVD diamond [78]), high pres-
sures (e.g., M-carbon [79]), and simultaneous high pressures and high temperatures 
(e.g., diamond and c-Si3N4 [80]). Here we focus on methods, which incorporate the 
use of simultaneous high-p, T techniques to transform materials into superhard 
materials. The most popular example of a superhard material is diamond, and while 
diamond is produced in nature, it is due to the high pressures and high temperatures 
within the deep Earth that turns graphite into this relatively stable, yet metastable 
phase (e.g., [81]). This transformation, from an abundant and relatively soft 
material into a rare and superhard material, has attracted researchers to find ways 
to synthesize other superhard materials. 
In general, the basic assumption is that the hardness of a material increases as 
its molar volume decreases, either within a single phase, or across volume-reducing 
phase transitions [82]. As a result, quenchable high-pressure phases provide a 
promising route for the synthesis of mechanically stronger materials [80, 83]. 
Therefore, this successful route has attracted researchers to apply it to the TMDs in 
an effort to produce hard high-pressure phases [3, 4, 12].  
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TRANSITION METAL DIOXIDES TiO2, ZrO2 AND HfO2 
Observed phases 
Figure 1 summarizes the experimentally observed phases for each dioxide. We 
note that the intermediate-pressure phase baddeleyite (MI) in TiO2 is the ambient-
pressure structure in the case of ZrO2 and HfO2. We also note that the coordination 
number increases for high-pressure phases, as expected. Additionally, for the case 
of TiO2, there are three phases found at ambient conditions: brookite (rare 
polymorph [26]) and anatase are stable phases, whereas rutile (RT) is a metastable 
phase formed at high temperatures. Additionally, there are other observed phases at 
high temperature for ZrO2 and HfO2: tetragonal [84, 85] and cubic [86, 87] phases. 
It is also important to note that as the pressure increases, there is no trend of 
increasing or decreasing in structural symmetry. For instance, rutile (tetragonal) 
transforms to a lower symmetry (monoclinic MI) and then to a higher symmetry 
(orthorhombic OI). However, one should expect that the density increases for high-
pressure phases and this change may be significant for a large change in the 
coordination number, i.e., OI → OII transition (see lower) (Fig. 3). 
Review of previous high-pressure/temperature studies  
The high-p, T behavior of TMDs TiO2, ZrO2, and HfO2 has been 
experimentally explored mostly using both X-ray diffraction (XRD) technique [1–
4, 6, 7, 9, 10, 13–16, 22–24, 26–36, 38, 48, 88, 89] and Raman spectroscopy 
measurements [5, 6, 17, 20, 45, 84, 90–93]. On the other hand there are many 
theoretical studies on the high-pressure investigations of these dioxides, most of 
them using density-functional theory (DFT) based on first-principles computations 
[2–4, 11, 19, 21, 39, 42–44, 46, 47, 49, 63] (see Tables 1 and 2). Generally, 
measurements and calculations of the EOS of TMDs TiO2, ZrO2 and HfO2 are in 
good agreement. The major goal of several studies was to investigate the equation 
of state and phase diagram under high temperatures and/or high pressures, and the 
hardness of resulting quenched phases [2–4, 7, 10, 13–16, 23, 24, 26–32, 37, 38, 
67, 94, 95].  
Density nature of OII phase: volume change across OI → OII transition  
The coordination number across OI → OII phase transition increases from 7 to 
9 (see Fig. 2), and, thus, this relatively large increase in coordination suggests a 
large change in density (~ 10%) as well. Previous measurements on TMDs ZrO2 
and HfO2 have observed this large change and obtained comparable results (see 
Fig. 2, Table 3) [3, 4, 10, 31, 32]. Therefore, in both earlier [10, 31, 32] and recent 
studies [3, 4], the high-density nature of the OII has been concluded for ZrO2 and 
HfO2.  
However, until recently, this was not the case for TiO2. Early measurements on 
TiO2 [13, 14] found a relatively small increase in density (~ 2.6%) in the OI → OII 
transition, in contrast with the same transition in ZrO2 and HfO2 (~ 10%) (see 
Table 3) [3, 4, 10, 31, 32]. In addition, this value (2.6%) is much lower than the 
predicted value for TiO2 and similar dioxides using DFT calculations (see Table 3) 
[3, 4, 19]. However, later studies on TiO2 confirmed the high-density nature of the 
OII phase using both experiment [2, 28] and theory [2] and showed good 
agreement of the volume change across OI → OII phase transition of TiO2 in 
comparison to similar dioxides including ZrO2 and HfO2 (see Table 3).  
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Fig. 3. Experimental pressure-versus-volume curves for the phases for one formula unit of TMDs 
TiO2 (a), ZrO2 (b), and HfO2 (c) as observed in various studies [2, 7, 10, 13–16, 23, 24, 26, 29, 
32]. The large volume collapse across OI → OII transition is shown. 
Stability of OII phase 
Experiments have concluded that the OII phase is the most stable phase at high 
pressure: up to ~ 70, 100 and 105 GPa for TiO2 [28], ZrO2 [29], and HfO2 [4], 
respectively. However, there are two main differences when one compares TiO2 to 
both ZrO2 and HfO2. First, in TiO2 the synthesis conditions for OII requires both 
high pressure and high temperature [2, 14, 28], whereas in the case of ZrO2 and 
HfO2, temperature is not required, although it facilitates the phase transition and 
reduces the deviatoric stress [3, 4, 29, 32]. Second, it has been observed that this 
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phase is quenchable to room conditions only for ZrO2 and HfO2 [3, 4, 29, 32], 
whereas it is stable only at room temperatures at high pressures for TiO2 [2, 14, 
28]. We also note that a recent study [9] has found evidence for a post-OII phase 
(Fe2P-type structure) of TiO2 that is predicted to be slightly denser than OII. 
CANDIDACY OF TMD PHASES TO BE SUPERHARD MATERIALS  
In this section, we discuss whether the TMDs TiO2, ZrO2, and HfO2 are good 
candidates for superhard materials by reviewing previous measurements and 
calculations made on the hardness of these dioxides. We also examine the 
correlation of hardness with both bulk and shear moduli (see Fig. 2).  
While these two correlations have been evaluated for many compounds (see 
Fig. 2), the conclusion has motivated researchers [3, 4, 12] to test it for the case of 
TMDs TiO2, ZrO2, and HfO2.  
Measurements made on hardness of high-p TMDs 
The hardness of a quenched OII-TiO2 sample has been measured to be 38 GPa 
at cryogenic temperatures [14]. This high hardness value coupled with the high 
bulk modulus of 431 GPa suggested that this phase could be superhard, despite K 
not being a reliable proxy for hardness. Even so, as discussed above, the bulk 
modulus of that phase is not so high if K0′ is constrained to 4 (i.e., 431 GPa versus 
358 GPa). Additionally, later theoretical studies have shown that the hardness of 
OII-TiO2 is expected to have a much lower value (see below). This is consistent 
with the low shear modulus that has been calculated [49]. Thus, it is unlikely that 
quenched OII-TiO2 is superhard. 
For both ZrO2 and HfO2, experimental observations of the hardness were 
regarded as low and scattered (11–17 GPa for ZrO2 and 6–13 GPa for HfO2) due to 
poor sintering [67]. However, this is likely a reflection of the low intrinsic hardness 
of this phase rather than related to a sample preparation. 
Calculations made on hardness of high-p TMDs 
Simunek and Vackar proposed a scaling model to estimate the mechanical 
strength of covalent and ionic compounds [96] that has been used subsequently for 
the TMD phases. In this model, hardness increases with increasing average number 
of bonds per atom, decreasing average atomic volume, smaller coordination 
number, and shorter average bond length [96]. In addition to crystal chemistry, the 
hardness depends also on the characteristic length scale (Ri) of the charge density 
distribution about each atom. Using this model, Ding et al. [12], have estimated the 
hardness of OII-TiO2 to be ~ 26 and ~ 20 GPa for the recently observed Fe2P-type-
TiO2 phase [9]. Additional evidence of the non-superhard candidacy of OII-TiO2 
has been recently introduced [40]. Their calculations on OII-TiO2, using another 
scaling model based on the electronegativities and covalent radii of the constituent 
atoms as well as the bond lengths between atoms, have predicted a hardness value 
of ~ 16 GPa (see Fig. 2), less than half the earlier measured value of 38 GPa [14]. 
These results are also in agreement with the shear modulus–hardness correlation 
(see Fig. 2) [58, 64–66]. 
Al-Khatatbeh et al. [3, 4] have also used the Simunek and Vackar scaling model 
[96] to estimate the mechanical strength of the experimentally observed ambient 
temperature of ZrO2 and HfO2 phases. In summary, these studies have concluded 
that all phases, MI, OI, and the highest-pressure phase OII, do not qualify as 
superhard candidates with a hardness value of ~ 10 GPa only (see Fig. 2). They 
have [3, 4] also concluded that the shear modulus correlates much better with the 
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hardness than the bulk modulus in agreement with previous conclusions for other 
compounds (see Fig. 2) [58, 64–66].  
CONCLUSIONS 
In this review we conclude that the high-pressure phases of TMDs TiO2, ZrO2, 
and HfO2 are hard materials, rather than good superhard candidate materials as 
their hardness is much lower than 40 GPa, a prerequisite for a material to be 
superhard. While it has been also concluded that the shear modulus is a better 
estimator for the hardness than the bulk modulus, further experimental studies are 
still needed to measure the shear modulus and hardness in order to confirm the 
shear modulus–hardness correlation for the high-pressure phases of TMDs TiO2, 
ZrO2, and HfO2 that have been predicted. Additionally, we have concluded that the 
current high-pressure synthesis route has failed to produce superhard TMDs. In 
general, the focus of future studies should be on quenchable phases that show 
superhard tendencies, or for ways to stabilize non-quenchable phases (like OII-
TiO2), that show worthy properties. Note that while superhardness is a desirable 
property, the hardness of the TMD phases may be adequate for many applications. 
This, along with the refractory nature of the TMDs, at least for room-pressure 
stable phases, makes them valuable in many applications. The continued refractory 
nature of TMD phases synthesized at high pressures and temperatures is still 
largely uninvestigated and should be pursued.  
 
Розглянуто поведінку діоксидів перехідних металів TiO2, ZrO2 і HfO2 при 
високому тиску і високій температурі. Зокрема, розглянута і раніше передвіщена, і вимі-
ряна твердість, яка могла вказувати на надтверду поведінку. Показано, що надтвердий 
стан не притаманний діоксидам перехідних металів, що знаходяться в умовах навколиш-
нього середовища, або фазам, отриманим при високому тиску і/або високій температурі.  
Ключові слова: діоксиди перехідних металів, високий тиск, твердість, 
діоксид титану, діоксид цирконію, діоксид гафнію. 
 
Рассмотрено поведение диоксидов переходных металлов TiO2, ZrO2 и 
HfO2 при высоком давлении и высокой температуре. В частности, рассмотрена и ранее 
предсказанная, и измеренная твердость, которая могла указывать на сверхтвердое пове-
дение. Показано, что сверхтвердое состояние не присуще диоксидам переходных метал-
лов, находящимся в условиях окружающей среды, или фазам, полученным при высоком 
давлении и/или высокой температуре. 
Ключевые слова: диоксиды переходных металлов, высокое давление, 
твердость, диоксид титана, диоксид циркония, диоксид гафния. 
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